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h(t)

1. Let h: (0,00) — R be a function satisfying tli%}r = 0. Define a function ¢ : (0,1) — R by
—

1
ph(=) if x= 2, p, q are relatively prime positive integers;
q
0 otherwise.
(i) Show that for every € > 0, the set N(¢) :={x € (0,1) : |p(z)| > €} is finite.
(ii) Show that the function ¢ is continuous at every irrational point in (0,1).
2. For each z = (z1,...,2,,) € R™, put ||z|| := /22 + -+ 22,. Now R™ is endowed with the usual

metric, i.e., the distance between the elements = and y in R™ is given by ||z — y||.
Let (7)== /|71]3 + -+ + |z [? and let A be the set {z € R™ : ¢(z) = 1}.

(i) Show that the set A is compact.
(ii) Show that there are c1,co > 0 such that c;q(z) < ||z|| < c2q(x) for all z € R™.

3. Prove or disprove the following statements.

11
(i) There is a continuous function f defined on the set A := U {2"‘1’ 2] U {0} so that the
n n
n=1

1
image of f is the set {—:n=1,2,...}.
n

(ii) For every positive integer n, there is a continuous real valued function g defined on D := (0,1)NQ
so that the image of g is {1,2,...,n}

4. Let A be a non-empty subset of R. For a function f : A — R, put wy(t) := sup{|f(u) — f(v)| :
u,v € A; |u—v| <t} provided the supremum exists for some ¢ > 0.

i) Show that if there is ¢ > 0 such that w(t) < ct, for all ¢ > 0, then f is uniformly continuous on
( ) f ’ ) y
A.

(i) Let f be a function defined on [0,1] given by f(z) := xsin L for 2 € (0,1] and f(0) = 0. Use
the function f to show that the converse of Part (i) does not hold.

~~ End of Paper ~~




